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OPERATING CHARACTERISTICS FOR INDICATOR OR-ING

OF INCOHERENTLY COMBINED MATCHED-FILTER OUTPUTS

INTRODUCTION

When multipie pulses are transmitted, in an effort to detect the
presence of a target, the multiple echoes should be optimally processed and
combined before a decision is reached. For received signals that are
deterministic, except for independent random phases between pulses, the
ideal processing consists of matched filtering, envelope detection, and
combination according to a In I0 rule [1; chapter VII, (1.7)]. Since the
receiver input signal-to-noise ratio must be known in order to apply this
rule, the slightly suboptimum alternative of combining (adding) squared
envelopes is often adopted [1; ch. VII: (1.12)]; this is the situation to be

considered here.

In addition, if the target has some movement in the radial direction,
causing a Doppler shift of the echoes, a search must be conducted over
frequency at the receiver, in order not to miss the received signal energy.
For example, suppose a series of M tone bursts at a common center frequency
are transmitted and echoed off a moving point target. Since the received
center frequency will be unknown, groups of matched filters will be
necessary, in order to cover the expected range of frequency shifts. FEach

one of the possible received center frequencies that must be processed is

called a channel.




TR 8121

In figure 1, a block diagram of the processing in the n-th channel is

depicted. The M narrowband filters in the n-th channel are indicated by

impulse responses {hnmCt}i_. They are followed by detectors which extract
=1
the squared envelopes of the filter outputs. These detector outputs are

M
then sampled at times {tnm] , which should correspond to the times of
m=1

peak signal at each filter output. The sampled outputs are then added, to

yield channel output Vo

The block diagram in figure 1 is not restricted to a transmitted
sequence of M tone bursts at a common center frequency. In fact, due to the
general filter impulse responses and sampling times allowed, it encompasses
any sequence of orthogonal deterministic signals transmitted at arbitrary
time delays and frequency offsets, provided they are known to the receiver.
The processor in figure 1 also allows for unknown time delay to the target
range and unknown frequency shift due to target movement, by virtue of the
sampling times not being optimum, and the filter impulse responses not being
matched to each received signal component. An example is afforded by the
case where the filters are time-delayed and/or frequency-shifted versions of
one another,

h (D) = h(T-T ) exp(i2nf T), (M

corresponding to a time sequence of frequency-stepped pulses; here h is the

complex envelope corresponding to impulse response h {1; pages 65-72].
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Another instance which is covered by the processing indicated in figure
1 is where the transmitted signal encounters multipath and/or separated
target highlight structure. For example, a single transmitted tone burst
might be received as four pulses, due to two multipaths and two target
highlights. Thus, the number M of filters employed in figure 1 is be
interpreted as the total number of received signal components. Some results
for the receiver operating characteristics of this processor are given in

1] and [2].

When the processing in the n-th channel indicated in figure 1 is
completed, the total of N channels that must be considered is subjected to
the indicator or-ing depicted in figure 2. Namely, the maximum of the N
channel outputs is extracted, along with its identity,

W = max (v1, Vour «uos VN) = va, (2)

and compared with a fixed threshold:

w < threshold: declare no signal present

w > threshold: declare signal present in channel n . (3)

Thus, there are two possible outputs from figure 2, the first being a
declaration of no signal present, and the second being a declaration of a
signal present along with an indication of which channel contains the
signal. (This latter information is useful for identifying the Doppler

shift, for example, of a moving target.)

x
b

ARG OO O i S T R T OO MMM )
B e B O
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L~ A false alarm occurs when output w in (2) exceeds the threshold, but
ud

o) there is no signal present at the input. On the other hand, a correct

“i detection occurs only when the signal channel output exceeds the threshold

!’_'

53 and all the noise channel outputs. That is, we insist on accurately

. identifying the signal channel, in order to achieve a correct detection.

o

:ﬁ The performance characteristics of the processor combination in figures 1
A \"
b and 2 are of interest, namely the false alarm probability and the

probability of correct detection, in terms of M, the number of filter

s .

- outputs summed, N, the number of channels or-ed, and some signal-to-noise

o

" s

tj ratio measure at the receiver.

2 It should be observed that the M received signal components have been

{i presumed to have undergone no fading. The only randomness in the received

o -
{ ] signals are the independent random phase shifts between components. Some

2 results on fading signals, including partial fading between pulses, are

;j given in {3]; however, or-ing was not considered there.

el

Yy

[t is also assumed that the individual signal components are orthogonal

with respect to each other, perhaps due to time separation and/or frequency

~ om

shift. That is, at sampling instant tnm' there is only one signal

component contributing, with all the other signal components yielding no

L X4

SRS S @S2 @AY Ny

output at that filter at that time.

The processor considered in this study has undergone some analysis in
the past [4]; however, several significant extensions have been made here.
First, a different definition of detection probability has been adopted

here, namely one which counts as correct detections only those events for

W
t‘n‘l’r
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which the signal channel output exceeds both the threshold and all the other
undesired noise channel outputs. Second, results are extended from a
sinusoidal signal to arbitrary orthogonal deterministic signals and filters,
with arbitrary sampiing instants; this allows for analysis of the effects of
filter-signal mismatch, Doppler offset, time desynchronization, multiple
highlights, etc. Third, a fundamentally different signal-to-noise ratio
parameter, d, is used here to characte-~ize performance, namely, a measure of
the total received signal energy to nuise spectral density ratio, rather
than the signal-to-noise ratio per pulse (usually assumed identical for all
pulses); this allows for arbitrary fractionalization of the total received
signal energy into component puises. Fourth, the detection probability vs.
false alarm probability curves are plotted on normal probability paper with
total signal-to-noise ratio, d, as a parameter; this straightens out the
curves, makes them néarly edui—spaced in d, and affords easy accurate
interpolation in signal-to-noise ratio values. Finally, the current results
are extended to much larger values of the number, N, of or-ing channels and
much smaller false alarm probabilities P_;

F

to 1000, and values of PF as small) as 1E-10, are considered.

in particular, values of N up
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b
n STATISTICS OF FILTER ENVELOPE-SQUARED OUTPUT
E: In this section, we derive the statistical properties of the output of
{~ figure 1. Suppose a real narrowband deterministic signal s(t) and a real
.
o random noise process n(t) have complex envelopes s(t) and n(t),
o respectively. Let the sum of these two processes excite a narrowband filter
h(T) with compiex envelope impulse response h(T). The complex envelope of
N the filter output at time t is proportional to
3 c(t) = [s(t) +n(t)]l@h(t) = a(t) + ib(t) + x(t) + iy(tr), (4)
B~
.’
Y where
>
~ a(t) + ib(t) = jdt $(T) h(t-D) (5)
i
Qﬁiz is the deterministic signal output, and
(e x(t) + iy(t) = fdr n(T) h(t-T) (6)
v
ﬁ; is the random noise output process. Then the filter squared-envelope output
- at time t is
‘.-
;Q ) )
& lect)] © = Jact) + bty + x(1) + iy(n)] © =
'.j
- @
- 2 2
- = [a(t) +# x(t)]" + [b(t) + y(t)] . (7)
;
Ca
Fd
e
>
!
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¢
>
&
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o

3f~ More generally, for M filters, if signal sm(t) excites filter hm(t),
v

" the m-th filter squared-envelope output at sample time tm is

"

\.:_

)

& 1c(t>\2=[a<t>+x(t>12+[b<t)+y(t>]2 for 1 <m<M (8)

‘ m''m m'm m'm m'm m'°m - =

L)

:}3 Sample times {tm}T can be selected arbitrarily; each individual tm should be
fi: chosen to maximize the size of the m-th signal output, a;(tm) + bi(tm).

.

;ﬁ: If we sum these squared-envelope filter output samples, we have channel
Y --: output

= S et
S v = lc (t )l =
T?q T i mom

o~

. =§{[a(t)+x(t)12+[b(t)+y(t)12} (9)

m'm m m m'm m'm :

- m=1

:jf The signal and noise outputs, given in (5) and (6), apply for an arbitrary
77' complex envelope signal s (t) and filter h (T) in the m-th branch of

D =m -m

: the receiver. The instantaneous output signal squared-envelope is
o

o

o

A 2 2 _ . 2 _ ’ _ ]2

5 al(t) + b2(t) = Ja (1) + i ()] %= | @rs Ty by (2L (10)
; *; while the instantaneous output noise squared-envelope is

'3 2+ vA = o)+ oy 2 = |fer aeo ne-n)© ()
W m m m m = -m :

- @2
5
o
b
'_35!'
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Here, we presume that a common broadband noise n(t) excites all the filters
{thtﬁ in the receiver bank. Observe that if the m-th signal is subject
to a random phase shift, according to the factor exp(iem), this cancels

out of the envelope-squared signal term. Thus, all the results here apply
not only to a deterministic signal, but also to one with an arbitrary phase
shift. However, no fading of the received signal is allowed in any of the

current results.

If the real input noise n(t) is white with double-sided spectral level
Nd watts/Hz, then the correlation of complex envelope n(t) is [1; ch. II,

(3.11) and (6.22)]

n(t) 0 (t-T) = 4Ny 8(T) = 2N, &(T); (12)

N0 is the single-sided noise spectral density level in watts/Hz. By use

of (6), this results in average noise powers for the m-th components, as

xrf‘(t) - yi(t) - N, J-dT.' lnm(r)]2 . (13)

We presume that all the filters have the same level (energy); thus, we define

o = x;(t) - yfn(t) = 2N, fdr[nm(t)] 2 for 1 <m< M (14)
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‘$5 This is an important restriction; greater generality is given in

- [2; appendices B and C].
W
8

W We are now in position to employ the general results listed in appendix
LX)

f i

-, A, when the noise is Gaussian. Namely, define, as in (A-1),

b

-
. .“l
X __:

U 2 1 ﬁ [2 2

d” = — a“(t ) +b (t)) =

) d2 = m' - m m'“m

-
b
b _1_5 2
\-:‘- = 2 d‘r §m(T) nm(tm —T) =
] o m=1

oA
ﬁ”a‘t s (T) h_(t -t)l2

U _ M=\ -m “m' m

.. - 2 (15)
N

Ny [ ot }nm(r)\

y_'s
2

:: Observe that the absolute level of each filter, Qm, cancels out in this
‘.f"
;j: ratio. However, d2 does depend on the scale of each signal S and
- inversely on noise level N, .

o d
NN
ey

W

;:; The maximum value of each term in these ratios is realized by choosing
N

il the m-th filter such that its impulse response
-

I *

- hy(T) = k s (T, -T), (16)
@
o
e <,
‘:4
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where k is a complex constant selected to guarantee the equal energy

requirement in (14), and Tm is a delay inserted for realizability, and by
choosing sample time tm equal to Tm' This is the matched filter to the

m-th signal, sampled at the time of peak output. Thus, we have, in the best
situation,

Eéz E E 3 2E

? 1 ? 1 T T

max d° = —5— jdt s (t)"™ = &— E ===, (17)
2Nd P l—m l Nd m N N

m=1 d 0

where Em is the received signal energy in the m-th real signal component
sm(t). and ET ts the total received signal energy over all M paths
(branches). Additional interpretations of d2 are available in (A-21) et
seq.

This maximum value of d2 in (17) is realized only if the receiving
filters are the matched filters (16), and if the filter outputs are sampled
at the correct time instants. More generally, the generic value of d2 in

(15) allows for arbitrary signals, filters, and sampling instants, thereby

:z affording the possibility of considering losses due to mismatch and
IEE desynchronization. The signals can be time-delayed and/or frequency-shifted
és versions of each other, if desired. A more thorough analysis and comparison
‘L is presented in [2; appendices B and C]. The received signals have

.
L

1
r

undergone no fading in any of these considerations; thus the current

5
s

analysis applies to a deterministic signal, except for random phase.

R A

ey
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Reference to (A-2) and (A-6) now allows us to state the exceedance

distribution function of channel output v in (9) as

Prob(v > u) = 1 - Pv(u) = QM (d,yu /o) for u > 0, (18)

where the Qy-function is

M-1 2 2
Qyx. B8) = zdx X (}() Ty_q&x) exp (x—_gi'L) (19)

Parameters d and ¢ in (18) are given by (15) and (14), respectively. These
resuits pertain to the signal-bearing channel; the noise-only channel

outputs correspond to setting d = 0.
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FALSE ALARM AND DETECTION PROBABILITIES
|
|
= The exceedance distribution function of the processor output Vi
-y |
. 4 for the n-th channel (see figure 1) is given by (18) for signal present in
:' that channel. For those channels with no signal present, the exceedance
Q distribution is
o
1 - p8 ) = Qu(0,T) = £y L (T2/2) for u >0 (20)
. v M M-1 ’
- where we have let
KN
s T=yu/o (21)
e
‘?f for notational convenience, and defined
En(x) = exp(-x) ep(x), (22)
“.
e where
-
1-. n
g8

(23)

LA
x
>
~
x

en(x) =

¥
x
]
o

:; is the partial exponential [5; 6.5.11]
i
<
W
]
‘; FALSE ALARM PROBABILITY
-
-\.
3
;:j Since the noises in the N channels subject to or-ing in fiqure 2 are
;‘ presumed independent, the probability that all N outputs do not exceed a
:- thresholid value u s
v,




Hiesn]

PREET ¥ %

X

o
AN

. .'.:'v

5

’l'l
5 4N
2T

2

-
AR
R R R

LY

I3

BLN

LY

v
»

FEL &0
'-'.-":':.n

PR

PN
-l:l '.l h

&

o)

.;553

-

- a
.'I

TR 8121

N
pl " - E-EH (;”—2)] , (24)
o

where cumulative distribution function PSO) was obtained from (20).

The false alarm probabiliity is then

P =1 - (1 - £, (T2/)1", (25)

where we used (21).

DETECTION PROBABILITY

When signal is present in one channel, we have several alternative

“definitions of a detection probability. For example, we could define the

probability of signai detection, PSD' as the probability that the signal

channel output exceeds threshold u, disregarding the noise channels

completely; then directly from (18) and (21),

Pop = Qy(d.T), (26)

which is, of course, independent of N.

However, it is possible that the noise channels could also cause a
threshold crossing, even when the signa! channel does not. We can then

define a probability of any detection, as the probability that any

pAD'

channel output exceeds the threshold u. This quantity is given by
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©
I

o= V- PN e ) -

- - E (T2/2 )1 [1 - OM(d 1,

by use of (20) and (18). This is the case considered in [4; see (9) and

(4)].

The problem with this latter definition is that, since we are interested

in knowing which channel contains the signal, the probability PAD contains

some (rare) events which indicate the incorrect channel to contain the
signal. The best alternative appears to be to define the probability of

correct detection, P as the probability that the signal channel output

¢o’
exceeds the threshold u and exceeds all the noise outputs. 1In this case,
the signal will be detected and its channel number correctly indicated.

This probability is given by

(.4
Pep = é‘dt p, () (1",

are given by (A-4) and (A-9), respectively. Substituting these expressio

letting x = Yt /o, and using (21), there follows the integral result

RO HOBDH r"ll'li
oWty i 4-""" Fath ity

(28

ns,

(27)

)

(o

where probability density function P, and cumulative distribution function Pv

)
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x2+d2

D
- -1
Pep - é.dx « "1, (ax) exp<__2 ) (g, 21 L (29)

From physical reasoning or mathematical manipulations, it follows that

PCD < pSD < PAD for N > 1. (30)

For N = 1, no or-ing, all three detection probabilities are equal to

Qy(d.T)

Also, from (29), since the bracketed term 3is greater than or equal to

its value at x = T, we have the lower bound

Peg > [1 = By (T27201% gua,T) for N> 1. (31)

Thus we have the tight bounds on the probability of correct detection:

(1 - £y (1272010 0,(a.T) < Pey < Qy(d.T) . (32)

To show how tight these bounds are, recall the false alarm probability

in (25), in order to express the bounds as

A S
D) () OOUO
.?mﬁﬁﬁﬂﬁﬁﬂw.hﬁﬁﬂ&QW?
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.

Aty 1
NN

N-1

(- P N 0y(d,T) < Py < Qy(d,T) (33)

L] 4‘ J

I Y
%ty

AP

For small false alarm probabilities,

g 36

A-P)y " =) -p =Lsqp (34)

leading to

(1 - Pp) Qm(d,T) < Pgp < Qu(d,T); (35)

»
LA AN ‘l‘

R

Pl

¥

(]
LIPL RN L

3

thus the bounds in (32) are very tight for small false alarm probabilities.

>,
s

PR

This is very convenient computationally, since it means that we will not

.
e

‘g;~ have to evaluate the integral in (29) numerically, but need only compute the

simpler quantities Qy and £y,

';*I One special case of PCD can be evaluated in closed form: for d = O+,
>

(28) yields

]
L4
2 P = [ at pO(t) (O ey M -
‘ u

1
i el - L, (36)

'HS the latter relation following from (25). This relation agrees with physical

‘ reasoning.

m - 11
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TIGHTNESS OF BOUND

To verify the accuracy afforded by using the upper bound QM(d,T),

instead of the exact result (29) for P a short comparative study of the

cD’
two quantities was conducted; the numerical results are tabulated in
appendix B. False alarm probabilities near the values .1, .01, .001, and
detection probabilities near the values .5, .9, .99, .999 were considered,
while M took on values 1,10, and N took on values 2,10,100,1000. These
ranges of values encompass most of the cases of practical interest; there is
no need to consider smaller PF values, since the discrepancy is even

smaller then. It will be observed that for P_ < .1 (the only cases

F

plotted here), the differences between the exact P and QM(d,T) are

)]

inconsequential; in particular, see figure B-1.

) %)
fathn Wty
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GRAPHICAL RESULTS

In this section, we plot the analytical results for the false alarm
probability (25) and the tight upper bound on the probability of correct
detection (33); see (35). The number of filter outputs summed, M, ranges

over the values

M=1,2,3,4,5,6,7,8,9,10 = 1(1)10, (37)

while the number of channel or-ed, N, ranges over the values

N =1, 10, 100, 1000. (38)

The parameter, d, on the plots is the generic signal-to-noise ratio defined
by (15), for general signals and filters. The 40 combinations corresponding
to (37) and (38) are plotted on normal probability paper in figures* 3
through 42. Values of d small enough to encompass the (poor quality)

operating point (P ) = (.01,.5) have been employed; while at the

F'pCD
high quality end, values of d extending up to (pF’PCD) = (1£-10,.999)
have bLeen used. The increment in d is .5 for all the results in figures 3

through 42.

*A11 the figures are collected together, after the Summary section.

ot
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It will be observed that the curves are approximately equispaced in
parameter d, thereby allowing for ready accurate interpolation in d, given

specified PF and P The curves, for cases in which N = 1, are

co°
virtually straight lines, while those for N = 1000 have developed
significant curvature; nevertheless, the equispaced nature of the results

readily accommodates interpolation in all cases.

From these results, it is possible to extract a different type of
performance characteristic, namely the required values of d to achieve a
specified quality of performance in terms of false alarm probability and
detection probability. In figures 43 through 48, these results are plotted

for the six combinations of

M=1,2,4 with P .5,.9, (39)

co -
while N varies over 1(1)1000, and PF takes on the values 1E-2, 1E-4, 1E-6,

1F-8, 1£-10. (Strictly, only the cases for N =1, 10, 100, 1000 follow from
fiqures 3 through 42?; the remaining values of N were obtained directly from

(25) and (33).)

The most striking feature of figures 43 through 48 is their slow
increase with N, the number of channels subjected to or-ing. Certainly the
increase in required d values was anticipated, since or-ing cannot improve
performance capability; however, the amount of increase is not very
significant. Thus, from figure 43, for PF = 1£-10, d need only increase
from 6.71 to 7.67 as N increases from 1 (no or-ing) to N = 1000. Greater
increases are necessary for the kﬂger P.. values.

F

20




b e T
o i
: Go, = 1y 8 4

.l
.
-
“

”
" .
*u

-
A

TR 8121

SUMMARY

It will be easily observed from the graphical results in figures 3
through 42 that, for a fixed amount of or-ing (fixed N), the performance
degrades as M increases. That is, for specified values of PF and d, the
values of PCD decrease as M is increased. Alternatively, to maintain a

specified performance pair P the values of d must be increased as

F'pCD'
M increases. This is due to the fact that parameter d in (15) or (17) is a
total (or output) signa]—to—ﬁoise ratio measure and that larger M
corresponds to increased fractionalization of the received signal energy
into more paths or branches. Since the filter-output combination rule is

incoherent, namely adding squared envelopes, this fractionalization cannot

be made up by summation, and a loss occurs.

On the other hand, if we were to add more paths to a particular system,
then both M and d would increase. Whether this results in an improvement or
deqgradation depends on the relative amount of additional energy. Particular
cases can be studied quantitatively by referring to figures 3 through 42.

In addition, programs for the procedures in this report are listed in BASIC
in appendix C, if additional cases of interest to the reader need to be

investigated.

The maximum value of 02 is given by (17) as 2ET/NO; this can be
realized only if the matched filters (16) are utilized and if the sampling
times are properly selected. If these conditions are not met, the value of

d2 given by (15) must be employed. In any event, the fiqures are

21
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K: parameterized by quantity d, regardless of what filters and sampling times
[ B
v
“ are used. Thus a desired value of d for a mismatched situation will require
- iarger signal levels for {§ﬂ3 in (15) than the values indicated by the
}: ideal, (17). 1In this manner, the degradation caused by mismatch and/or
«
¢ desynchronization can be quantitatively assessed.
The received signal was assumed to have undergone no fading in the
. current analysis. Extensions to fading signals, but without or-ing, are
\i
;f. available in [3]. This latter reference presumed a fixed threshold for
9
jﬁ decision variable comparisons (as did this analysis in (3) and (18));
"4 extensions to a variable threshold, based on a finite sample size
&
> noise-ievel estimation procedure, are currently underway. Results on this
) normalizer in a fading environment will be reported on shortly by the author.
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Figure 47. Required d Values for M=4, P =.5
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APPENDIX A. QM—FUNCTION RELATIONSHIPS

Let {x&}? and {y&i? be independent identically distributed Gaussian
random variables, each with zero mean and common variance 02, and let
{a&l? and {b%&? be arbitrary fixed constants. Define "total"

parameter
2 1 f%z 2 2
d = - (am + bm)'. (A-1)
o]

Chi-Squared Variate

We are interested in the statistical description of the noncentral

chi-squared random variable of 2M degrees of freedom,

M
v = :EE [(x + am)2 + (ym + bm)2] . (A-2)

We wil)l only list results here, and will not give detailed derivations.

The characteristic function of v is [6; page 11]

) 012 2
FL(5) = exp(iTv) = (1 - §20°) 7 exp [—‘td 2 2]. (A-3)
1-i¥ 20

- ..
0

-- rl ) ® -} Nh - I.
o T A A B T A
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o
A > which is seen to depend on the arbitrary constants {aml and fbm} only
'\_'- through the sum d2 in (A-1). The probability density function of random
- >
K- variable v is [7; 6.631 4]
g M-1 2

7\) p,(u) = —]—2 g) T (g-@)exp( _u§ - d?) for u > 0. (A-4)
\'“. 20 o 20

\\::-

:-:.'.: The cumulative distribution function of random variable v is

'\:‘ u

Prob (v < u) = P (u) = fdt p (t) , (A-5)

A v o v

.:-:’.: and the exceedance distribution function is

‘-j 1 - Py(u) = Qu(d,yT" /o) for u > 0, (A-6)
ﬁ_’_"

20 where the Qy-function is
A © M-1 )
AW X X+
{ : OM(«’B) ‘; dx x(x) IM—](.‘X) exD(_ ? > . (A_7)
4;:: As special cases of (A-4) and (A-6), for d = 0, we have probability

-:_\:

o density function

" pgo)(u) = s > 5 exp ‘—”—2> for u > 0 (A-8)
o (M-1)! (26°%) 20

A

3L

® and exceedance distribution function

y
g o(0), -u_ (u ) “u_ ]
B~ 1 PV (u) = exp( 2> eM_] 2) = EM~1( 2) for u » 0, (A-9)
N 20 20 20

W
-8 where [5; 6.5.11]

X
h> >

N n
Ny e (x) = 2 x$ /K (A-10)
*.‘.} n k=0

“I0A0M
'.ﬁ'.a'.l.o!‘.x)m?“.:- !
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is the partial exponential and where we define

P

En(x) = exp(-x) en(x) . (A-11)

Returning to the general case of d > 0 for random variable v again, the

{ cumulants of v are

i; \V(n <é°2> <% g—) forn>1 | (A-12)

the v~-th moments are

A

: vWoos (260" %ﬂ Fi(-viMi- 0°/2)  for v > M, (A-13)
| and the n-th moments are

: Vs (268" e Lr(]M Y (-d%/2). (A-14)
{ Chi Variate

The noncentral chi variate of 2M degrees of freedom is
M

. 1/2 2 2.01/72
¢ 2= v/ —{% [(xy + ag)® + (v * bp) ]} e (A-15)

b- [ts probability density function is

2 2
’ U fu \M du w4 . _
. PV 7 3 (dc) IM—1<0> exp( 2 2> For u >0, (A-16)

D)
s e i e N e W e e L e L e - S NS Sy S M
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Al and its exceedance distribution function is
e 1 - P,(u) = Qu(d, u/e) for u > 0. (A-17)
N
;:1 As special cases of (A-16) and (A-17), for d = 0, we have probability
\ density function
h 2M-) 2
S pgo)(u) = 2 u > exp (’“—2> for u > 0 (A-18)
-f, (M-1)! (207) 20
and exceedance distribution function
- 2
- 1 - P(O)(u) = E — for u > 0 (A-19)
T z M-1{, 2 !
- 20
’L in terms of the functions defined in (A-10) and (A-11).
ll In general, for d > 0, the v-th moment of random variable z is
o v /2 (M + v/2) Y.
) " =0 2 F(M) ?F](—u/Q,M,—d /2) for v > - 2M. (A-20)
::; The characteristic function and cumylants of z are not available in any
;:-: compact form.
»
-
>
N
o
" Special Case
N T
o
-4"‘
N
N
O
::: [f the constants in random variable v in (A-2), and in random variable z
2
." tn CA-15), satisty
7
"
"\
e
1}:
Y
»
g
::" A4
-",:
04




Call N -
PRI
A

.

- TR 8121
n ap = A cos 8y, by = A sin 8p, (A=-21;
A
_}f where {em} are arbitrary, then (A-1) reduces to
- 4 = M A2/42, (A-22)
"y, independent of the particular values of {em}. So if {em} were random
::_ variables instead of constants, the statistics of v and z in (A-2) and
- (A-15), respectively, would be unaffected. This conclusion follows
. immediately from (A-3).
jﬁQ In this latter case of random {em}, if they are also uniformly

=

! distributed over 2w, it is sometimes useful to define an individual (common)
s signal-to-noise ratio
.(:

WS - >
a b 2
- R=— =B AL o atim, (A-23)
x2 y2 o
*-:,. m m

“hen the parameter d? in (A-22) can be expressed as

2

A

N d2 = 2 M R. (A-24)
:i' More generally, if
S
e am = Am COS O, by = Ay sin 6p. (A-25)
- where fAm} are arbitrary constants, then (A-1) reduces to
?2 5 M
Yy g2 . L 2 S
g 5 > AL (A-26)
1 o m=]
- A S
]
e
L
o
“fe cy ey e, e s s . . . B . A
| > R P AP /..f - ..'._““”--.- .‘:FY_ hle . AL TR N PNy W G a0 oy o+ - - ) i
N -'I‘,' ¥, "'.v’ " 2 o, ""-'(") J 14 AR, . .5 1, 0‘.‘&'{‘&':&\‘1'."0!! 4':‘&‘!'1‘:*;-- ﬂl‘u‘:‘d!‘d cl!':ﬁ.':l Qh‘!‘a‘!’"ﬁ:‘!‘l"_ :"i‘l'kis"p:"'ln'-'
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Again, presuming {em} to be uniformly distributed random variables over

- e

2w, if we define the individual component signal-to-noise ratios as

(A-27)

=
f
b Y
3 f\)l 3 '\Jl
it
< =
3 N| 3 NI
n

These relations, (A-24) and [A-28), afford an alternative interpretation of

2 . . . .
the "total" parameter d 1in terms of component signal-to-noise ratios.
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APPENDIX B. TABULATION OF P,  AND Q,(d,T)

For the eight possible combinations of M=1,10 with N=2,10,100,1000,

:;:_ va .es of tne exact value of DCD and the approximation afforded by

l' j OMgd,T) are tabulated here. An explanation of tahle B-1, which pertains
- to M-1, N=2, follows:

‘ o

e For threshold T = 2.40, the false alarm probability PF = .10912.

i?;i Holding these values fixed, then as d is varied from 2.2 to 5.4, the

f;k detection probabilities vary over the values .5, .9, .99, .999

.. (approximately). This case is covered by the top four lines in table B-

- When the threshold T is changed to 3.25, the new false alarm probabi 11y
?\x is PF = ,01015, and the second group of four lines in table B-1 pertains.
';%: This procedure is continued for all the M,N combinations, while PF ranges
.SZ: over the valyes .1, .01, .001 (approximately). The comparisons for sma ‘er
:‘{ b values are not conducted because the discrepancies are very smail, as
32% may be seen by inspection of the tables.

-.: . The greatest discrepancies between probabilities pCD and QM(O,T)

occur in tables B-3 and B-4, where N=10. These particular cases are plotted

PR
I
PP

‘ni: . in fiqure B-1, for false alarm probabilities in the .1 and .01 regime. For
- @ example  the two curves labelled by A, which pertains to M:=1, N=10,
ﬁ.{
o Po= .1, show a very slight difference between the two probabilities over
o *
'3 the range (.5,.999). The label B actually pertains to two overlapping
I\'I
A arves tor MO1NST0L P .01; that is, the plotted values for P(U and
:ﬁ;
-~
- B
04
55
>
.-:')_ e e < R e
e % SRR GASEN WY, P N A RO ._'\ *'.‘.‘;\
s M ‘.\"" " . .' '0 .a' -l. J. J‘)
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QM(d,T) are indistinguishable at this level of false alarm probability

The situation for C and D is exactly similar, except that in these latter

cases, we have M=10, N=10.

.988

.998

Probabi1l1iy of Correct Detection

.385

.88

.38

Frgure B-1.
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PF

"

2.40
.10912

3.25
.01015

3.89
.00104

Table B-1.

5.59
.10129

6.37
.01013

6.89
.00101

Table B-2.

.......
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PR
LY ;

el

TR 8121

Pco Qm(d,T)
2.2 .50220 .51005
3.6 .91017 91506
4.6 .98935 .99062
5.4 .99890 .99915
3.1 .50353 .50409
4.4 .89997 .90032
5.5 .99099 .99106
6.3 .99920 .99921
3.8 .51653 .51658
5.0 .88951 .88954
6.2 .99205 .99206
6.9 .99905 .99905

Probability Comparison for M=1, N=2

Pco Qm(d,T)
3.5 .49914 .50646
5.1 .89637 .90120
6.4 .99083 .99185
1.3 .99913 .99931
4.6 511 .51166
6.1 .90493 .90526
7.3 .99132 .99138
8.1 .99905 .99906
5.3 .49032 .49036
6.8 .90322 .90325
8.0 .99162 .99162
8.8 .99913 .99913

Probability Comparison for M=10, N=2
B-3

o Ty
RGN
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- - d Pco Qu(d,T)
o T = 3.01 2.9 51382 152498
- PE = .10272 4.2 .90180 .90857 !
- 5.3 .99074 .99213
X\ 6.1 .99909 .99933
£
& T = 3.7 3.6 151050 51140 -
" P = .01021 4.9 .90404 .90457
A 6.0 .99161 .99171
o 6.8 .99927 .99929
" T=4.29 4.2 .51145 .51153
. PE = .00101 5.5 .90544 .90548
~ 6.6 .99188 .99189
- 7.3 .99903 .99903
° Table 8-3. Probability Comparisen for M=1, N=10
i _
b
~ d Pco QM(d,T)
: T=6.1 4.3 .49943 .51C32
. PF = .10175 5.9 .90911 .91532
- 7.1 .99133 .99257
- 7.9 .99898 .99921
T=6.73 5.2 .52682 .52769
PE = .01002 6.6 .90232 .90282
7.8 .99133 .99143
8.6 .99908 .99910 )
T=17.23 5.8 .51336 .51344
Pe = .00104 7.2 .90126 .90131 )
8.4 .99160 .99160
9.2 .99914 .99914
Table B-4. Probability Comparison for M=10, N=10
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Y
‘ d Pco Qu(d.T)
. —
4
K. T=3.70 3.6 .50535 .51547
NS Pe = .10105 4.9 .90037 .90628
N 6.0 .99080 .99193
oo 6.8 .99914 .99931
y T =4.29 4.2 .51067 .51153
- Pe = .01003 5.5 .90499 .90548
- 6.6 .99180 .99189
» 7.3 .99901 .99903
- T =14.79 4.7 .50637 .50645
R PE = .00104 6.0 .90378 .90382
e 7.1 .99170 .99170
- 7.8 .99900 .99900
\ Table B-5. Probability Comparison for M=1, N=100
{
) d Pco Qu(d,T)
5
N,
» T=6.72 5.2 .52240 .53217
~y Pe = .09974 6.6 .89913 .90471
i 7.8 .99064 .99169
e 8.6 .99895 .99913
- T =1.23 5.8 .51258 .51344
Y Pe = .01033 7.2 .90082 .90131
L 8.4 199152 .99160
® 9.2 .99913 .99914
z‘|
- T =17.68 6.4 .52928 .52936
o Pe = .00102 7.8 .91140 .91144
o 8.9 .99112 .99113
o 9.7 .99910 .99910
[
- @
Table B-6. Probability Comparison for M=10, N=100
|.'
5
\
o,
’
o
: B-5
7
N4
o
y "-"‘i' '\"-' .
A A
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Table B-8.

L] iy
MNAE 4

P

L

W T - > D - - M
Tt Kl e e ety

Dl —'-"F - GOV
i ‘,’t'*'. .!‘v 5] .‘l‘!‘:‘? 0,50, :"'n’. u'! W

Pco Qu(d,T)
4.2 51031 .51962
5.5 .90369 .90884
6.6 .99141 .99233
1.3 .99892 .99909
4.7 .50564 .50645
6.0 .90337 .90382
7.1 .99162 .99170
7.8 .99899 .99900
5.2 .51839 .51846
6.5 .90916 .90920
1.5 .99008 .99009
8.3 L9991 .99911

Probability Comparison for M=1,

Pco Qu(d,T)
5.8 .50897 .51785
1.2 .89822 .90320
8.4 .99098 .99185
9.2 .99903 .99917
6.3 .49278 .49354
1.8 .91105 .91144
8.9 .99105 .99113
9.7 .99909 .99910
6.8 .50022 .50029
8.2 .90129 .90133
9.3 .98975 .98976
0.1 .99894 .99894

Probability Comparison for M=10, N=1000

N=1000
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APPENDIX C. PROGRAM LISTING
v =14 ! HUMEER OF FILTEF QUTFUT: SUMMEL
als H=1080 I HUMBER OF CTHARHNELS OR-ED
5 DIM e1dady Dol 1a, 83 ! THREZHOLD YALLES
443 COM Fealeg ., P3l100,F320 193, Pd2 100 Fdd 100, PAS. 10
S9 COM Pdé(l@@),Pd?(lO@J,Pdet188>,Pd9<168',Pd16'lDBJ
< COM P31101@a5y,PI12:108) ,P313199 0, Pdld: 10D, PI1S 100
Ta com PdiéleBJ,Pdl?tIBGJ
=1 DOUELE M,N,I,7J I IMTEGERS
RIS DATH _,_,4 4,3, 3,4,5,3,4.,4,9,353,4,3,%,3,4,5,%
100 DATH 3,4,5,5,4,4,5,5,4, 4,),5‘4.3,3,6,4.5,5.6
11a FERD Dou=o ! STRARTIHG VALIJES FOR 3
120 h=u,
138 U=U+,a1
148 PE=FHPE (U, M, H
15a IF PF:.1 THEH 130 t UPPER LIMIT OH Pf
159 U1=MAXCU-,81,.01.
170 U=U+,91
1309 Pf=FMPf (U, M, N>
1365 IF PFI1lE-19 THEHW 179 ¢ LOWER LINMIY OH Py
209 2=l
=19 Delu=(Uz2-UtH»- 108,
i FOR =@ TO 106
239 U=Ul+Delu=l]
240 ST v=1y
25 FfOolosFHPE A, M, H
ZEY ME=T 1
276 I=LGTONS
259 Do=DotM, 1
239 PRINTER [S FKT
300 PRINT M,N,Do
219 PRINTER I3 CRT
329 FOR J=1 T3 17
IR z=lo+n J-101#,5 ' TOTAL DEFLECTION FAFAMETEF 4
40 FOR I=@ TO 198
2S5 = 1o ! THRESHOLD
oA Pa=FHP3. Dz, U, M.
iy Fd=MIHPd,.99993,
“ 258 IF J=1 THEH P41 1.=Pd
- LAY IF J=2 THEN P42 1.=Pgd
o RENY IF JT=3 THEN Fd3 ].=Pd
N 410 IF I=4 THEH Fd4'1,=Pd
420 IF 1=S THEN PdS:.1.,=Pd
* 4380 I[F J=¢ THEHM P3€.1,=FPg3
440 IF 1=7 THEM P37 1:=FPd
459 IF J=5 THEHN Pd& 1 =Pd
459 IF J=9 THEN P49 1,=Pd
479 IF J=106 THEMNM Pdl@fI)=Pd
. 130 IF T=t1 THEHW Fdl1:],=F
@, 434 IF J=12 THEH Fdi1z.1)=F d
7S <90 IF J=13 THEM Fd13:.1,=Fg
.t S1a IF J=14 THEM Fd14(I,=Fd
7 Y IF J=15 THEM Pd41S.1)=Fd
*ut S0 IF J=1€ THEHW Pdlg(l)=FPd
S4d IF 1=17 THEM PdI?(l>=F4g
A HE-T 1
=LY% HE-T J
C-1
P
A
L - - - AT S NS LA ‘\w
D)

LN ¢ L \ )
.x“v-“:.u "yl .“ L) g.\ 5“'“.‘0,. L h “\.5‘4 q‘l..‘l‘ ‘i',' .. h 'l""."“‘ ¥ W ‘0‘ .“ A .. ""“ w "I » QQ".. t" l“" [) lu D 0‘ ' L l.!P ALRALGE Y “’I i“\‘
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s FOR 1=9 TO 109
Al S350 Pt el »sFHInuphy P Lo
. S99 Pdlil o=FHIrupki PdLL ]
- 500 Pd2<l )=FNInuph1 {PdZ(T )
3 i PA3CI)=FNInuph P30T 2
2 220 P4l s=FHInupht iP34c] o
L ety FAdS 1 =FNInuwph1 cPASCT v
. g4 Pds: I =FHIrnvph1 «PAEC] v
. S0 dv lo=FNInoph cPAT VT )
N £ PAdav I =FHIrsph1 P33l
s S Fad3 [ =FHIruphr P39l oo
N 2 P19 I =FHIruph cPILO T oo .
» 230 Fdltel =FHIrnuvpki P11 ] o
To0 PALZCT o =FHInuphl (Fd1Z01) )
:_ T1o FAd13CIr=FHNInvuphy (Pd12¢12)
o e Fdl4.1)=FHlrnvphi (Pd144¢1)
. TIo PAISCIv=FNInvph (PA1SCT 20
N 740 Fals I =Filnuphl (Pd1EcT )
-~ TSy FALT L v=FHInupht cPALT T
s TEd MEXT 1
: i) CALL A
- vE END
- TS0 ' :
. =Ry, DEF FHIrcpht s COAMS SS9, I8.Z.03
o 310 IF <=.5 THEH RETURMN @.
o 328 =SMINGR, 1, =KD
i‘ 830 T=-LOG(P)
- 340 T=SER(T+T)
.. 350 P=1,+T#(1,432735+T#¢,18326%+T+.0801388 )
- 350 P=T-02.515517+T40,382553+T#,0183231 . -PF
- 379 IF %¢.5 THEH P=-P
- 530 RETURH F
" ERTY) FHEND
] 00 !
o 310 DEF FHPY 1, DOUELE M, M - " FALSE ALAFM FROBAEILIT
rq ERs) T=FHE«.S*UxU,M-1>
. 330 Ffsl.-v1,-T+ N
o 340 RETURN F¥
O 359 FHENMLD
N 359 '
1’- I7a DEF FHPI+ Tz, U0, DOUELE Mo ! DETECTION PROEAREILITY 9
"~ EESS Fd=FHOm M, Dz L | UFPEF BOUND O Fod
e 294 FETURH Pd
-2 1690 FHEMD
RS 1919 . {
" 120 LEF FME.:, DOUBLE H. Dosaprmr s om0
@, 1928 DOUELE k bt INTEGEK
' 13440 T=S=ExP =4,
A‘: 1S9 FOR k=1 T H
' 1959 T=T*i K
o 1970 $=5+T
‘N 1980 HEXT ¥
a SETS) RETURH S
i 1100 FHEND
s 1119 i
'._'4
..‘:
>
N
v -2
[]

O AR
‘4jU$?\‘wnm~Jﬂ. \aﬂo‘@m?‘
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FHOwme LOUEBLE
r=1,E-1?

LE M1, '
Sxr*R

S+#B+E

XPi=,5%#(Q3+0Q4>>

M FEAL A, E . L UM HL,E
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